Abstract: Scattering characteristics of two plane waves are investigated for a circular cylinder covered by a dielectric substance. Fields are assumed to be transverse magnetic (TM) and represented in an exponential series form. The diffracted radiations are found by applying the boundary conditions to the wave functions. The wave transformation method and the orthogonality of the exponential functions are respectively employed to obtain an infinite series in the solution. Numerical results are evaluated by reducing the infinite series to a finite number of terms and comparing estimates with the single plane wave scattering situation.
Introduction
Scattered field patterns from coated cylinders were investigated in several former studies. Extensive research has been described in the literature focusing on this subject [1] [2] [3] [4] [5] [6] [7] . Theoretical and experimental results for the backscattering from dielectric-coated cylinders were achieved in [1] . In the same study, the dielectric coating was assumed lossless and the thickness was made comparable to the wavelength. In [2] , a low frequency solution was obtained for the diffraction of a plane wave incident on a dielectric-loaded trough in a conducting plane. The eigenvalue solution was then converted into a high frequency ray solution where the scattered fields were expressed in terms of a geometrical optical ray and two surface waves around the cylinder [3] . For the problem of scattering from a semicircular channel in a ground plane, a dual-series eigenfunction solution was deter-mined in [4] . The scattered radiations were found in a simple closed-form low-frequency asymptotic approximation. Scattering of a plane wave at oblique incidence from a circular dielectric cylinder was also solved in [5] . It was shown that oblique incidence contains a significant cross polarized component which vanishes at normal incidence. In addition, electromagnetic scattering from coated elliptic cylinders was theoretically examined for both TE (transverse electric) and TM (transverse magnetic) polarizations [6] . The electromagnetic scattering from a dielectric-coated elliptic cylinder was also solved by the boundary-value method in [7] . The backscattering echo widths corresponding to different geometrical parameters were obtained.
However, the scattering characteristics for a further incident plane wave have still not been considered. In this paper, the scattered TM fields are investigated for two plane waves incident on a circular cylinder covered by a dielectric material as shown in Figure 1 . The cylinder is assumed to be very thin and perfectly conducting with radius a and with infinite extent along the z-axis. The dielectric layer is taken as region I with radius b and is assumed to be linear, isotropic and homogenous with permeability µ and permittivity ε. Two TM plane waves are incident on the coated cylinder from φ = φ 1 and φ = φ 2 respectively with respect to the x-axis. The region of free space, with µ 0 and ε 0 , outside the dielectric material i.e. for all r > b and 0 ≤ φ ≤ 2π is taken as region II. 
Theory and solution
The problem is reduced by solving the Helmholtz scalar wave equation in the circular cylindrical coordinate system in two dimensions r and φ [1] . The solution is the cylindrical function which is a Bessel or Hankel function in r multiplied by a complex exponential in φ [8, 9] .
As shown in Figure 1 , the first and second incident electric plane waves as a function of r and φ are, respectively, expressed in cylindrical coordinates as [10, 11] :
The summation of both equations 1 and 2 is therefore the total incident wave. Applying the wave transformation method, the total incident plane wave can be expressed by an infinite series as [10] :
Likewise, the electric field in the dielectric material for all a < r < b and 0 ≤ φ ≤ 2π is given by [4] :
where J n (x) and Y n (x) are the Bessel functions of the first and second types respectively with argument x and order n. Also, k is the dielectric wave number given by k= 2π /λ and λ is the wavelength. φ 1 and φ 2 are the angles of incidence of the first and second plane waves respectively with any possible value from 0 to 2π. E o1 and E o2 are the amplitudes of the first and second incident waves respectively. The diffracted electric field from the proposed structure is defined as an infinite series in region II for all r > b and 0 ≤ φ ≤ 2π [2] . That is,
where H (2) n (x) is the outgoing Hankel function of the second type with argument x and order n. k 0 is the free space wave number. From equations 4 and 5, A n , B n and b n are unknown coefficients to be determined by the boundary conditions.
In free space the total field is the summation of the incident and the diffracted fields described by equations 3 and 5 respectively. i.e. E II = E inc + E diff . This is simplified to be:
The boundary conditions are realized from the geometry of the structure shown in Figure 1 . The tangential magnetic and electric fields are continuous at r = b and for all possible values of φ. Also, the tangential electric field is zero at r = a and for all possible values of φ. That is,
where H φ is the magnetic field derived from Maxwell's equations as H φ = (−i/ωµ) (∂E z /∂r) [12] .
Applying the boundary conditions in equations 7, 8 and 9 and using the orthogonality of the exponential functions in the field equations in 4 and 6 [4] , the A n coefficients are found to be:
where
where the prime notation designates differentiation with respect to the argument and T n = 0. The diffracted field can now be calculated at a far point for r → ∞ by applying the asymptotic approximation of the Hankel function [11] to equation 5. That is:
where P (φ) is the diffracted far field pattern given by:
and A n is given in equation 10.
Results and discussion
To justify the accuracy of the expressions derived, several numerical calculations are graphically performed. Due to the convergence of the summation in equation 12, the results achieved are calculated for values of n from -20 to 20.
The diffracted electric field is estimated and plotted versus the single incident plane wave in reference [13] with b − a ≈ 0. Using equation 12, the diffracted field pattern is displayed in Figure 2a for k 0 a = 1, ε/ε 0 = 5, µ/µ 0 = 1, E o1 = 1 and φ 1 = −π/2. From equation 10, φ 2 is taken as 0, E o2 is taken as 0.1, which is very small, and k 0 b is taken as 1.01 which is very close to the value of k 0 a. This is done to minimize the effects of the second incident wave and the coating thickness respectively. We notice good agreement with the data in reference [13] which confirms the validity of the expressions derived. Also, in the same figure, the pattern is enhanced and changed when calculated for k 0 b = [13] . At the same line of symmetry the pattern is improved for k 0 b = 5.1 and E o2 = 1.
Possible changes of the diffracted field with respect to φ 1 and φ 2 are illustrated in Figure 3 . The far diffracted field patterns are plotted in Figure 3a for k 0 a = 2, k 0 b = 2.4, E o1 = E o2 = 1, ε/ε 0 = 5, µ/µ 0 = 1, φ 1 = 0 and φ 2 = π/4, π/2 and π. For this thickness of the dielectric the shapes are simple and the line of symmetry is also defined at φ = (φ 1 − φ 2 )/2. Also, for the special case of φ 2 = π the main and side lobes are identical. In Figure 3b , the same values are used except now ε/ε 0 = 1 and µ/µ 0 = 5. The patterns are again simple but have been altered. The diffracted field is almost equal at any value of φ for the case where φ 2 = π.
In Figure 4 , the patterns at φ = 0 are plotted versus k 0 b, the dielectric thickness, for k 0 a = 1, E o1 = 1 and φ 1 = 0. Figure 4a shows the diffracted fields for ε/ε 0 = 5 and µ/µ 0 = 1 compared to the one incident plane wave with E o2 = 0. For the case of two plane waves with E o2 = 1, a greater diffracted radiation is shown which means more power. The pattern for E o2 = 1 and φ 2 = π/2 is nearly equivalent to the one incident plane wave for k 0 b ≥ 3.25. However, for E o2 = 1 and φ 2 = π the pattern is highly increased with additional peaks for k 0 b ≥ 2.5. Similarly, for ε/ε 0 = 1 and µ/µ 0 = 5, the diffracted field is also greater for the two incident waves case, as is shown in Figure 4b . The general pattern is not highly varied but we can notice the generation of new peaks near k 0 b = 2.5 and 3.25.
Relative permittivity, ε/ε 0 = ε r , and relative permeability, µ/µ 0 = µ r , are important factors in the study of the diffracted field patterns since they specify the type of the coating material used for the structure in Figure 1 . Figure 5 illustrates likely variations of the patterns with respect to ε r and µ r at φ = 0 for k 0 a = 1 and k 0 b = 2. Possible numerical values for the field magnitudes are found as ε r → 0 and µ r → 0 i.e. 0.001 and 0.0001 respectively and these values are listed in Table 1 .
In figure 5a , we can notice that the pattern is semi-periodic as the relative permittivity increases, i.e. ε r → ∞. The field for the two waves case is generally greater with additional peaks at ε r = 10.495, 32.176 and 72.073. The first peak is in fact shifted from ε r = 6.832 for E o2 = 0 to ε r = 4.852 for E o2 = 1 and has a higher field magnitude. Thus, the first peak for E o2 = 0 can be achieved using mica since its relative permittivity ≈ 6
One incident plane wave 1.046 1.307 Two incident plane waves 1.861 1.669 Table 1 Field magnitude at φ = 0 as ε r → 0 and µ r → 0.
but for E o2 = 1 the nearest material for the first peak could be bakelite [10] . Table 2 lists some relative permittivity values for different materials at low frequency and room temperature [14, 15] .
Material Relative Permittivity, ε r Likewise, Figure 5b also illustrates a semi-periodic pattern with respect to the relative permeability of the coating material, as µ r → ∞. While the purpose is to evaluate the field characteristics of two incident plane waves when the coating is a dielectric, it seems worthy for completeness to consider values of µ r other than unity [16, 17] . The diffracted field for the two waves case is also greater with approximately the same peaks. We can also notice that the peaks are not altered with respect to µ r which means that the type of material can not influence the pattern and the two incident waves can only change the scale.
In addition, the diffracted patterns at φ = 0 are plotted versus the ratio E o2 /E o1 in Figure 6 for k 0 a = 1, k 0 b = 2, φ 1 = π, φ 2 = 0, π/2 and 3π/4 and for simplification E o1 is taken as 1. In Figure 6a the curves are estimated for ε/ε 0 = 1 and µ/µ 0 = 5 and we can see that the diffracted field increases rapidly as E o2 increases for φ 2 = 0. However, it decreases for φ 2 = π/2 to its minimum value of 1.5552 at E o2 =1 but then increases with respect to E o2 to a cross point of 4.5374 at E o2 = 4, with the curve for φ 2 = 3π/4. Similar results are displayed in Figure 6b for ε/ε 0 = 5 and µ/µ 0 = 1 but with larger pattern magnitudes. The field increases quickly with respect to E o2 for φ 2 = 0 and a minimum value of 0.91717 at E o2 = 2 is observed with a cross point of 15.436 at E o2 = 9.6, with the curve for φ 2 = 3π/4.
Conclusion
The TM scattered field patterns were found for the problem of two plane waves incident on a circular cylinder with a coating material. The solution explained the influence on the diffracted fields, of a second incident plane wave at φ = φ 2 in addition to the first incident plane wave at φ = φ 1 . The results indicated that the additional incident wave can produce numerous variations in the diffracted far field patterns and a line of symmetry was found dependent on angles of incidence. The calculated patterns were found to be greater in magnitude with respect to the coating thickness and the characteristics of the medium, with little variation in the peak values.
[16] J. Wait --calculated for one incident wave for φ 2 = 0, E o2 = 0; · · · · · calculated for two incident waves for φ 2 = π/2, E o2 = 1; ---calculated for two incident waves for φ 2 = π, E o2 = 1. --calculated for one incident wave for φ 2 = 0, E o2 = 0; · · · · · calculated for two incident waves for φ 2 = π/2, E o2 = 1; ---calculated for two incident waves for φ 2 = π, E o2 = 1.
Fig. 5a
Diffracted field patterns versus ε r at φ = 0 for k 0 a = 1, k 0 b = 2, φ 1 = 0, E o1 = 1 and µ/µ 0 = 1.
--calculated for one incident wave for φ 2 = 0, E o2 = 0; ---calculated for two incident waves for φ 2 = π, E o2 = 1.
Fig. 5b
Diffracted field patterns versus µ r at φ = 0 for k 0 a = 1, k 0 b = 2, φ 1 = 0, E o1 = 1 and ε/ε 0 = 1.
--calculated for one incident wave for φ 2 = 0, E o2 = 0; ---calculated for two incident waves for φ 2 = π, E o2 = 1. 
